Computer aided verification

Lecture 3: w-automata



What are w-automata useful for?

Example:

¢=-Glp = XFq) — Ay = —>—p>
o8

LTL C w-automata



. w-automata



Def.. w-automaton (Buchi automaton) A = (3,5, Sinit, 7, F')
— Sinit €S nonempty subset of initial states
— 0 C S x X xS transition relation

— F C S nonempty sebset of accepting states

A is deterministic when [Sipt| =1 1 Vs, a. |o(s,a)| < 1.
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Def.:. Forw = agaj as ..., arun of an automaton A is
r = 898 S2 ...suchthatVi. (s;,a;,si11) € 0.

A run is accepting when s; € F for infinitely many 1.

Letinf(r) = {s € S : s = s; for infinitely many i}.
A run is accepting when inf(r)NEF # 0.

L,(A) = {w: Ahas an accepting run for w}.

Def.. Alanguageis L C ¥ isw-regular if L = L,(A)
for some A.
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An akceptujacy run looks like:

—O
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¥ ={a,b}

infinitely often a (b* a)“
b \_@

a,b

odd(a) (a (a4 b))~ @

a,b

Corollary: LT L C w-automata
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— Infinitely often a and b

_ b* (aa™ bb(bb)*)¥
— between any two consecutive a’s
even number of b's
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— Infinitely often a and b

— between any two consecutive a’s
even number of b’s

b* (aa™ bb(bb)*)¥

and what about de-
terministic ?
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— Infinitely often a and b

— between any two consecutive a’s
even number of b’s

b* (aa™ bb(bb)*)¥
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> ={a,b}

finitely often « (b+ a)*b”
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> ={a,b}

a,b b
finitely often a (b4 a)*b” \f ) 5)
— > T

and what about deterministic ?
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Tw: w-regular languages ae closed under U, N and
complementation.

V, AT

A, Ay — A
(1) L,(A) = L,(A;) U Ly(As)
(2) L,(A) = L (A1) N L,y(As)

A— A

(3) Lus(

b

) = X¥\ Ly(A)
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2) A, A — A Lo(A) = L,(A1) N Ly,(As)

?



(2) A, Ay — A Lo(A) = Lu(Ar) N Ly(A)

S = Sl XSQX{l,Q}

Sinit = Stinit X Sainit X {1}

F = F; x S x{1}

((s,t,1),a,(s',t',j) €0 <= (s,a,5) € oy, (t,a,t') € o9,
(2 If 1 = 1, S € F1

j =<1 ifi=2 teF,
L2 otherwise
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Complementation

B A— A Lo(A) = ¥\ L,(A)

— no determinization!

vd

(E 1) RN

k1 @Q@
9

:H. . @!
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Thm:
(a + b)*b¥ is not accepted by a deterministic automaton.
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Thm:
(a + b)*b¥ is not accepted by a deterministic automaton.

Dowdd: Assume L, (A) = (a+b)*0”, A deterministic.

wy = b*. For some kg, o(sg,b*) € F.
wy = b*ab”. For some ki, o(sg, b*ab®) € F.

Ji < j such that o(sg, b*ab™ ... ab") = o(sg,bab™ ... ab™)
Thus A accepts b*ab* ... ab%(a...ab")¥

contradiction!
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b

B)A— A Lo (

— no determinization
— a complex construction

_ ‘“ZU _ QO(n-logn), where n = ‘A‘

Moral: Better to avoid complementation

¢! ¢

l

A¢| ......... >A¢ = A_|¢

) = X9\ Ly(A)
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Question:

How complementation is done if A is deterministic?
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Question:

How complementation is done if A is deterministic?

Lo(A) = ¥¥ \ L,(A)? NOI

co-Bichi : arunr = sy s; sy ... IS accepting when s; € I for
almost all ¢ (inf(r) C F)).
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problem for problem for complexity cost of

finite automata | w-automata algorithm

L(A)#£10 L,(A)#£1() NLOGSPACE | O(n)

L(A) =X* L,(A) =X PSPACE 0 (n-logn)

L(A) C L(B) | L,(A) CL,(B) | PSPACE 0(n-logn)
Lasso —() Q\)

Thm: L, (A) # 0 iff Ahas a lasso.
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Il. LTL — BA



S spin -f "[] (o U g}"

-» goto TO

never |
TO:
1f
(p} -» goto TO
(qy -> goto accept
fi;
accept:
if
(p) | (q))
fi
)

q
P TO
ollg

S spin

never {

T :

accapt:

TO

~f n [] {:’pn

1f
{true] -> gote TO
{p] -» goto accept
fi;

if

{true) -> goto TO
f1i

true

N
SPIN’s doc
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— {Fi,..., F,} instead of F

— arun r is accepting when Vi. inf(r) N E; # ()

Question:  Are generalized automata more expressive?
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— {Fi,..., F,} instead of F

— arun r is accepting when Vi. inf(r) N E; # ()

Question:  Are generalized automata more expressive?
Ap,..p, — Ap
Ly(Ap..r) = Lo(Ar) € Ly(Ar) N ... N Ly(Ap,)

Ar| = O(| AR,
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— SPIN: LTL — GBA — BA

— LTL2BA: LTL — ABA — GBA’ — BA

— On-the-fly verification
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LTLT :
¢ = p| | NG| d1VPr | X | dp1 Uy | d1 Ry |

true | false

Intuition: ¢ = now(¢) £ later(¢)

oU bV (oA X(@U))
oR1p b A (oV X(@RY))

(fixed points)



.. do not think about tomorrow! :)
a + today(a) — boolean formulaover PUPU{X¢:¢...}

P:{—'p:pEP}

() a, gdy a=p,—p, X3, true, false
today(a Vv ) = today(a) VvV today(p)
today(a A 5) = today(a) A today(p5)
today(aUpB) = today(p) Vv (today(a)A X(aUp))
today(a R () ay(p) A (today(a)V X(aRp))

= toqaa
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a — today(a) — dnfla) € P(PUPU{X¢:¢...})

today(a) = Vxednf(a) (/\X)

For example:

dnf(a) = {{a}}, gdy a=p,-p XS
dnf(a v g) = dnf(a) U dnf(3)

dnflaUpB) = dnf(5) U dnfla A X(aUPp)))
dnf(true) = {0} A) = true
dnf(false) = () V() = false



GBAA¢ = <2,S,Sp0CZ,U,F>:
—~ S=P(PUPU{X¢:¢...})
- X =P(P)

- Spocz — dnf(gb)

- X 5 iff
— XNPCA non-contradictory
-~ (XNP)NA=0 X i A today
— Yednf(A{a | Xae X}) possible tomorrow

— F =7
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¢ = —aUb

S:

P(CL, —a, b, _'ba X(_'CLUb))

¥ = {0, {a}, {b},{a,b}}

&~

(b} {a.b} D .

—n. 30/45



— —qUb S = P(a’ —a, b, —lb, X(—lan))

¥ = {0, {a}, {b},{a,b}}

|
. C 0,{b} {b},{a,b} DE

F = {{0,{0}}}



—F={A| aUB AV BicA), i=1,...,n

{a; UB; |i=1,...,n} C subformula(¢)

—F, ={XeS | o;UpB; ¢cons(X) v §; €cons(X)}

X C cons(X)

aV B econs(X) jes
aApecons(X) jes
aUpB econs(X) jes
aR B econs(X) jes

a € cons(X) lub g € cons(X)
a € cons(X) i e cons(X)
BV (aN X(aUPp)) e cons(X)
B A (aV X(aRp)) € cons(X)



o = —aUb S = P(a, —a, b, =b, X(—-aUD))

¥ = {0, {a}, {b},{a,b}}

@’{b}C 0,{b} {b}.{a,b} QE

Can automaton A4 be smaller?
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o = —aUb S = P(a, —a, b, =b, X(—-aUD))

¥ = {0, {a}, {b},{a,b}}

@’{b}C 0,{b} {b}.{a,b} QE

Can automaton A4 be smaller? YES!
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0 = -G(q = Fr) = F(gN G—r)

dnf(Fa) = dnf(a) U {{ X Fa}} Fa = aVv XFa
dnf(Ga) = dnfla A X Ga) Ga = aN XGa
S = Plq, ~q, r, - r, X(F(gN G-r)), X G-r) F=7?

dnf(F(¢g A G—r)) = {{XF(gANG-r)}, {¢g,— 7, XGC—r}}

0,{q}

® O

XF(gn G—r) > q,—r, X G-r —r, X G—r

f |
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0 = (GFp = G(q = Fr)) = GFpAF(gN G—r)

dnf(G Fp) = dnf((pv XFp) A XGFp)=
(pAXGFp) vV (XFpA XGFp)

dnf(GFpAF(gAG—r)) = ...V...V... V...
XF(gNG-r),p, XGFp qg,—r, XG-r,p, XG Fp

XF(gNG-r), XFp, XG Fp g1, XG—-r, XFp, XG Fp
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0, = "((GFpy A ... N GFp,) = G(q = Fr)) =

GFpr A ... N GFp, AN F(gn G—r)
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0, = "(GFpr A ... N GFp,) = G(¢g = Fr))
Spin Wring EQLTL LTLZBA— LTL2BA

time | space tine | space time time space tine |space
th 0.18 460 0.56 | 4,100 16 0.01 9 0.01 9
) 4.6 4,200 26| 4100 16 0.01 19 0.01 | 11
B3 170 | 52,000 16 | 4,200 18 0.01 86 0.01 | 19
#4 || 9,600 | 570,000 110 | 4,700 25 0.07 336 0.06 | 38
@5 1,000 | 6,500 135 0.70 1,600 0.37 | 48
@5 8.400 | 13,000 N/A 12 8§.300 40| 88
@y 72,0007 | 43,0007 220 44,000 32 | 175
Ps 4,200 | 260,000 360 | 250
Pa 97,000 | 1,600,000 | 3,000 | 450
f1p 36,000 | 970

[Gastin,Oddoux 2001]
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Ill. LTL — ABA



o(p,a) = qV ¢ o(p,a) = qN{

(p,a,q),(p,a,q) €o —

Np.: o(p,a) = p1 V p2Aps (DNF)
Question:  run=7?



ABA A¢ — <Z, S, SpOCZ7 g, F>

— S = modal subformula (Xa, aUg, aR )
and literals (p, —p)

— Sinit = today(¢)

— 0:S x ¥ — Bool™(S)

o(p, A) = true, if p€ A, otherwise false

o(—p, A) = true, if p¢ A, otherwise false

o(Xa, A) =« 1

oclaUB,A) = oa(B,A) V (c(la,A) N aUpP)

claRpB,A) = oa(B,A) AN (c(a,A) V aRp)
o(Fa,A) = o(a,A) V Fa
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[Gastin,Oddoux 2001]

dnf(GFp) = (pAXGFp)V(XFpA XGFp)
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¢ = (GFp = G(¢q = Fr)) = GFp A F(gN G—r)

B {a.7} {r q} ir} {r}
~GFp ~GFp GFp GFp--—--»
\\\*Fp \ﬁ
F(qﬂG-r)—-F(qﬂG—-r)—-F(th—-r)
H
Gor Gor----»

[Gastin,Oddoux 2001]
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ABA .A¢ = <Z, S, Sinit, T, F>:

— S = modal subformula (Xa, aUg, aR )
and literals (p. —p)

— Sint = today(¢)

— 0: S x ¥ — Bool™(S)

- F = {aR5)
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LTL ¢ LTL + 3

linear alternating w-automata ¢ alternating w-automata

[Gastin,Oddoux 2001]
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