Slawomir Lasota
University of Warsaw

T

joint work with:

Xl

Wojciech Czerwinski Roland ttenberg

/|

Highlights 2025, Saarbruecken, 2025-09-03

1



Slawomir Lasota
University of Warsaw

joint work with:




(000

(-1,1,0) Q (2,-1,0)

(00—1



(0,0,0)
p 2y Q (2,-1,0) VA -
\/ ) ) (2,—1,0) — {(mvy) | y:$+(2,—1,0)}
0,0,-1) CNTx N

(—1,1,0)



(0,0,0)

(-1,1,0)( P - Ty (2,-1,0) VA@,-1,0=1{(z,9) |y=2+(2,-1,0)}
( )
S~ — C N3 x N3
(0,0,-1) -
VA(0,0,0)
VA(-1,1,0) p T q Q VA(2,-1,0) .. .
~_ Vector Addition relations
A(0.0.—
VA©.0,-1) VA = {vA, | v € N%}



(0,0,0)

(_17 170) p = q Q (27 _170) VA@2,—1,0) = {(x,y) | Yy=x+ (27 —1, 0)}
R C N% x N3
(0,0,-1) -
VA(0,0,0)
VA(-1,1,0) p T q Q VA(2,-1,0) .. .
~_ Vector Addition relations
VA(©,0,-1) VA = {va, | v € N%}

VASS = VA-systems (with states)



(0,0,0)

(_17 170) p = q Q (27 _170) VA@2,—1,0) = {(x,y) | Yy=x+ (27 —1, 0)}
R C N% x N3
(0,0,-1) -
VA(0,0,0)
VA(-1,1,0) p T q Q VA(2,-1,0) .. .
~_ Vector Addition relations
VA(©,0,-1) VA = {va, | v € N%}

VASS = VA-systems (with states)

? = VM-systems



VA CC C N¢ x N¢ step relations



VA CC C N¢ x N¢ step relations

Rs
™
Rle\/qQR2 R{,Ry,R3, R4 €C
Ry



VA C C C N% x N¢ step relations

R3
™
Ry

admitting finite

/ presentations

Question: For which classes C,
C-systems have decidable reachability?




VA C C C N% x N¢ step relations

R3
™
Ry

admitting finite

/ presentations

Question: For which classes C,
C-systems have decidable reachability?

C = Semilinear ?



VA CC C N¢ x N¢ step relations

Rs
™
Rle\__/qQRQ R{,Ry,R3, R4 €C
Ry

admitting finite

/ presentations

able reachability?

Question: For which classes
s have de

C-syst

C = Semilinear ?



VA CC C N¢ x N¢ step relations

Rs
™
Rle\__/qQRQ R{,Ry,R3, R4 €C
Ry

admitting finite

/ presentations

able reachability?

Question: For which classes
s have de

C-syst

C = Semilinear ? - :
Semilinear-systems include

counter machines !



and monotone

/’

R3
™
Rle\/qQRQ R{,Ry,R3, R4 €C
Ry

(z,y) € R, v e N

4
(x+v,y+v) ER




T
R Cp QQRQ R{,Ry,R3, R4 €C

R, and monotone inside SCCs

(z,y) € R, v € N

4
(x+v,y+v) ER




T
R Cp qQR2 R{,Ry,R3, R4 €C

R, and monotone inside SCCs

(z,y) € R, v € N

4
(x+v,y+v) ER

Fact: monotone Semilinear-systems = VASS



T
R Cp qQR2 R{,Ry,R3, R4 €C

R, and monotone inside SCCs

(z,y) € R, v e N

4
(x+v,y+v) ER

Fact: monotone Semilinear-systems = VASS

Question: For which classes C,
monotone C-systems have decidable reachability?



VA C C C N% x N

C — sections of monotone C-systems

N

relations obtainable as follows:
l.start with the reachability relation
2.fix some input/output coordinates
3.project away some coordinates




VA C C C N% x N

C — sections of monotone C-systems

\ relations obtainable as follows:
l.start with the reachability relation

2.fix some input/output coordinates

3.project away some coordinates

Question: For which classes C,
sections of monotone C-systems have decidable emptiness?



VA C C C N% x N

C — sections of monotone C-systems

\ relations obtainable as follows:
l.start with the reachability relation

2.fix some input/output coordinates

3.project away some coordinates

Question: For which classes C,

sections of monotone C-systems have decidable emptiness?

Theorem:

sections of monotone C-systems have decidable emptiness
itt
C have decidable emptiness




VA C C C N% x N

C — sections of monotone C-systems

\ relations obtainable as follows:
l.start with the reachability relation

2.fix some input/output coordinates

3.project away some coordinates

Question: For which classes C,

sections of monotone C-systems have decidable emptiness?

Theorem:

sections of monotone C-systems have decidable emptiness
itt
C have decidable emptiness

( C = Semilinear = VASS reachability )




VA C C C N% x N

C — sections of monotone C-systems

\ relations obtainable as follows:
l.start with the reachability relation

2.fix some input/output coordinates
3.project away some coordinates

Question: For which classes C,

sections of monotone C-systems have decidable emptiness?

Theorem:

sections of monotone C-systems have decidable emptiness
itt
C have decidable emptiness

( C = Semilinear = VASS reachability )
Proof: KLLM decomposition




VA C C C N% x N

C — sections of monotone C-systems

\ relations obtainable as follows:
l.start with the reachability relation

2.fix some input/output coordinates

3.project away some coordinates

Question: For which classes C,
sections of monotone C-systems have decidable emptiness?

Theorem:

sections of monotone C-systems Jhave decidable emptiness|«
it
Clhave decidable emptiness

( C = Semilinear = VASS reachability ) have hybridlinear overapproximations

Proof: KLLM decomposition




VA C C C N% x N

C — sections of monotone C-systems

\ relations obtainable as follows:
l.start with the reachability relation

2.fix some input/output coordinates

3.project away some coordinates

Question: For which classes C,
sections of monotone C-systems have decidable emptiness?

Theorem: assuming C 1s closed under intersections with semilinear sets,

sections of monotone C-systems Jhave decidable emptiness|«
it
Clhave decidable emptiness

( C = Semilinear = VASS reachability ) have hybridlinear overapproximations

Proof: KLLM decomposition




Theorem: assuming C 1s closed under intersections with semilinear sets,
sections of monotone C-systems have hybridlinear overapproximations
Wt

C have hybridlinear overapproximations




Theorem: assuming C 1s closed under intersections with semilinear sets,
sections of monotone C-systems have hybridlinear overapproximations
Wt

C have hybridlinear overapproximations

Corollary: VASS with nested zero tests have hybridlinear overapproximations



Theorem: assuming C 1s closed under intersections with semilinear sets,
sections of monotone C-systems have hybridlinear overapproximations
Wt

C have hybridlinear overapproximations

Corollary: VASS with nested zero tests have hybridlinear overapproximations

(k+1)-nested VASS — monotone (sections of k-nested VASS)-systems



Theorem: assuming C 1s closed under intersections with semilinear sets,
sections of monotone C-systems have hybridlinear overapproximations
Wt

C have hybridlinear overapproximations

Corollary: VASS with nested zero tests have hybridlinear overapproximations

(k+1)-nested VASS — monotone (sections of k-nested VASS)-syste



