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II. Some recent advances

I. Introduction to register automata
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Register automata

transitions 
compare input to registers 

and update registers

initial register valuation 
(⊥ , ⊥ , … , ⊥)
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whenever 𝜑(a1 … an  b  a’1  … a’n)

x 6= y = x0y = x0

𝛿  ⊆ Q × A × Q  invariant under data
permutations

for every permutation 𝜋 : A → A,   

(c, a1 … an  ) ⎯b→  (c’, a’1  … a’n)

                      ⇓
(c, 𝜋 (a1) … 𝜋 (an)) ⎯⎯b→  (c’, 𝜋 (a’1) … 𝜋 (a’n))

𝜋 (⊥) = ⊥

𝜋 (  )

<latexit sha1_base64="YbGgEM5cdMRngQTxYr6J8cGNqzU=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BD2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+T1lXVq1dr97VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/l6RGg==</latexit>

#
<latexit sha1_base64="jp2K723uXvmfIt5yOt3/ZqjwvaE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9oQ9lsJ+3SzSbuboQS+he8eFDEq3/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1MylvsTHQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLWGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/HEy5AqZEVNLKFPc3krYmCrKjI2nZEPwVl9eJ+2rqlev1u5rlUY9j6MIZ3AOl+DBNTTgDprQAgZjeIZXeHMi58V5dz6WrQUnnzmFP3A+fwAXX44/</latexit>

6=
<latexit sha1_base64="YbGgEM5cdMRngQTxYr6J8cGNqzU=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BD2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+T1lXVq1dr97VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/l6RGg==</latexit>

#
   ’’each two neighbouring letters are different

and the word is nonempty’’

the presentations 

are equivalent



7

Nondeterminism in register automata

‘’last data does not appear earlier’’
<latexit sha1_base64="FgDaq+i2zT6fwRIy92ZrCdrYdn8=">AAAB8HicbVBNSwMxEM36WetX1aOXYBE9lV0p6rHoxWMF+yHtUrLpbBuaZNckKy5Lf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXxJxp47rfztLyyuraemGjuLm1vbNb2ttv6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nvitR1CaRfLOpDH4ggwkCxklxkr3Ke5KeMBPJ71S2a24U+BF4uWkjHLUe6Wvbj+iiQBpKCdadzw3Nn5GlGGUw7jYTTTEhI7IADqWSiJA+9n04DE+tkofh5GyJQ2eqr8nMiK0TkVgOwUxQz3vTcT/vE5iwks/YzJODEg6WxQmHJsIT77HfaaAGp5aQqhi9lZMh0QRamxGRRuCN//yImmeVbzzSvW2Wq5d5XEU0CE6QqfIQxeohm5QHTUQRQI9o1f05ijnxXl3PmatS04+c4D+wPn8Aedfj9U=</latexit>

y 6= x0

<latexit sha1_base64="uKwALZLuR2oCols4G4NvCjo6w4o=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovoqiRSfCyEghuXFewD2lAm00k7dDJJZyalIfQ73LhQxK0f486/cdpmoa0HLhzOuZd77/EizpS27W8rt7a+sbmV3y7s7O7tHxQPjxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9Ib3M785plKxUDzpJKJugPuC+YxgbSQ3QR1BR2iC7tDkvFss2WV7DrRKnIyUIEOtW/zq9EISB1RowrFSbceOtJtiqRnhdFroxIpGmAxxn7YNFTigyk3nR0/RmVF6yA+lKaHRXP09keJAqSTwTGeA9UAtezPxP68da//GTZmIYk0FWSzyY450iGYJoB6TlGieGIKJZOZWRAZYYqJNTgUTgrP88ippXJadq3LlsVKq3mZx5OEETuECHLiGKjxADepAYATP8Apv1th6sd6tj0VrzspmjuEPrM8f+SuQ6Q==</latexit>

y 6= x = x0

<latexit sha1_base64="23b/lZFXrfoOcc9tputmekEEj10=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBdMW2lA22027dHcTdjdiCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7czv/NIlWaxfDBZQgOBR5JFjGBjJf8J3aBsUK25dXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui7jXql/eXtWajiKMMJ3AK5+DBFTThDlrgAwEGz/AKb450Xpx352PRWnKKmWP4A+fzB/D3jhc=</latexit>x = y

• guessing:

(unambiguous - unique accepting runs)
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Nondeterminism in register automata

‘’last data does not appear earlier’’
<latexit sha1_base64="FgDaq+i2zT6fwRIy92ZrCdrYdn8=">AAAB8HicbVBNSwMxEM36WetX1aOXYBE9lV0p6rHoxWMF+yHtUrLpbBuaZNckKy5Lf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXxJxp47rfztLyyuraemGjuLm1vbNb2ttv6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nvitR1CaRfLOpDH4ggwkCxklxkr3Ke5KeMBPJ71S2a24U+BF4uWkjHLUe6Wvbj+iiQBpKCdadzw3Nn5GlGGUw7jYTTTEhI7IADqWSiJA+9n04DE+tkofh5GyJQ2eqr8nMiK0TkVgOwUxQz3vTcT/vE5iwks/YzJODEg6WxQmHJsIT77HfaaAGp5aQqhi9lZMh0QRamxGRRuCN//yImmeVbzzSvW2Wq5d5XEU0CE6QqfIQxeohm5QHTUQRQI9o1f05ijnxXl3PmatS04+c4D+wPn8Aedfj9U=</latexit>

y 6= x0

<latexit sha1_base64="uKwALZLuR2oCols4G4NvCjo6w4o=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovoqiRSfCyEghuXFewD2lAm00k7dDJJZyalIfQ73LhQxK0f486/cdpmoa0HLhzOuZd77/EizpS27W8rt7a+sbmV3y7s7O7tHxQPjxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9Ib3M785plKxUDzpJKJugPuC+YxgbSQ3QR1BR2iC7tDkvFss2WV7DrRKnIyUIEOtW/zq9EISB1RowrFSbceOtJtiqRnhdFroxIpGmAxxn7YNFTigyk3nR0/RmVF6yA+lKaHRXP09keJAqSTwTGeA9UAtezPxP68da//GTZmIYk0FWSzyY450iGYJoB6TlGieGIKJZOZWRAZYYqJNTgUTgrP88ippXJadq3LlsVKq3mZx5OEETuECHLiGKjxADepAYATP8Apv1th6sd6tj0VrzspmjuEPrM8f+SuQ6Q==</latexit>

y 6= x = x0

<latexit sha1_base64="23b/lZFXrfoOcc9tputmekEEj10=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBdMW2lA22027dHcTdjdiCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7czv/NIlWaxfDBZQgOBR5JFjGBjJf8J3aBsUK25dXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui7jXql/eXtWajiKMMJ3AK5+DBFTThDlrgAwEGz/AKb450Xpx352PRWnKKmWP4A+fzB/D3jhc=</latexit>x = y

• guessing:

(unambiguous - unique accepting runs)
• no guessing:

‘’last data appears earlier’’y = x0 <latexit sha1_base64="23b/lZFXrfoOcc9tputmekEEj10=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBdMW2lA22027dHcTdjdiCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7czv/NIlWaxfDBZQgOBR5JFjGBjJf8J3aBsUK25dXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui7jXql/eXtWajiKMMJ3AK5+DBFTThDlrgAwEGz/AKb450Xpx352PRWnKKmWP4A+fzB/D3jhc=</latexit>x = y

<latexit sha1_base64="2JROZG51P9fnqasPJHuSSX3VXlg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbRU9mVUr0IBS8eK9gPaJeSTbNtbDZZkqy0LP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRrczv/VElWZSPJhJTP0IDwQLGcHGSs0xukHj816x5JbdOdAq8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6bTQTTSNMRnhAe1YKnBEtZ/Or52iM6v0USiVLWHQXP09keJI60kU2M4Im6Fe9mbif14nMeG1nzIRJ4YKslgUJhwZiWavoz5TlBg+sQQTxeytiAyxwsTYgAo2BG/55VXSvCx71XLlvlKqVbM48nACp3ABHlxBDe6gDg0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MHUPeORw==</latexit>

x = x0y = x0

<latexit sha1_base64="FsLbOXmbHLjWqbBEA0WHGx5JVmE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiF6EgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7ut59QaR7LBzNJ0I/oUPKQM2qs1LjtF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH4wfjL4=</latexit>=
<latexit sha1_base64="YbGgEM5cdMRngQTxYr6J8cGNqzU=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BD2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+T1lXVq1dr97VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/l6RGg==</latexit>

#

<latexit sha1_base64="YbGgEM5cdMRngQTxYr6J8cGNqzU=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BD2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+T1lXVq1dr97VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/l6RGg==</latexit>

# (can be made unambiguous)



7

Nondeterminism in register automata

‘’last data does not appear earlier’’
<latexit sha1_base64="FgDaq+i2zT6fwRIy92ZrCdrYdn8=">AAAB8HicbVBNSwMxEM36WetX1aOXYBE9lV0p6rHoxWMF+yHtUrLpbBuaZNckKy5Lf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXxJxp47rfztLyyuraemGjuLm1vbNb2ttv6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nvitR1CaRfLOpDH4ggwkCxklxkr3Ke5KeMBPJ71S2a24U+BF4uWkjHLUe6Wvbj+iiQBpKCdadzw3Nn5GlGGUw7jYTTTEhI7IADqWSiJA+9n04DE+tkofh5GyJQ2eqr8nMiK0TkVgOwUxQz3vTcT/vE5iwks/YzJODEg6WxQmHJsIT77HfaaAGp5aQqhi9lZMh0QRamxGRRuCN//yImmeVbzzSvW2Wq5d5XEU0CE6QqfIQxeohm5QHTUQRQI9o1f05ijnxXl3PmatS04+c4D+wPn8Aedfj9U=</latexit>

y 6= x0

<latexit sha1_base64="uKwALZLuR2oCols4G4NvCjo6w4o=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovoqiRSfCyEghuXFewD2lAm00k7dDJJZyalIfQ73LhQxK0f486/cdpmoa0HLhzOuZd77/EizpS27W8rt7a+sbmV3y7s7O7tHxQPjxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9Ib3M785plKxUDzpJKJugPuC+YxgbSQ3QR1BR2iC7tDkvFss2WV7DrRKnIyUIEOtW/zq9EISB1RowrFSbceOtJtiqRnhdFroxIpGmAxxn7YNFTigyk3nR0/RmVF6yA+lKaHRXP09keJAqSTwTGeA9UAtezPxP68da//GTZmIYk0FWSzyY450iGYJoB6TlGieGIKJZOZWRAZYYqJNTgUTgrP88ippXJadq3LlsVKq3mZx5OEETuECHLiGKjxADepAYATP8Apv1th6sd6tj0VrzspmjuEPrM8f+SuQ6Q==</latexit>

y 6= x = x0

<latexit sha1_base64="23b/lZFXrfoOcc9tputmekEEj10=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBdMW2lA22027dHcTdjdiCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7czv/NIlWaxfDBZQgOBR5JFjGBjJf8J3aBsUK25dXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui7jXql/eXtWajiKMMJ3AK5+DBFTThDlrgAwEGz/AKb450Xpx352PRWnKKmWP4A+fzB/D3jhc=</latexit>x = y

• guessing:

(unambiguous - unique accepting runs)
• no guessing:

‘’last data appears earlier’’y = x0 <latexit sha1_base64="23b/lZFXrfoOcc9tputmekEEj10=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBdMW2lA22027dHcTdjdiCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7czv/NIlWaxfDBZQgOBR5JFjGBjJf8J3aBsUK25dXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui7jXql/eXtWajiKMMJ3AK5+DBFTThDlrgAwEGz/AKb450Xpx352PRWnKKmWP4A+fzB/D3jhc=</latexit>x = y

<latexit sha1_base64="2JROZG51P9fnqasPJHuSSX3VXlg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbRU9mVUr0IBS8eK9gPaJeSTbNtbDZZkqy0LP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRrczv/VElWZSPJhJTP0IDwQLGcHGSs0xukHj816x5JbdOdAq8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6bTQTTSNMRnhAe1YKnBEtZ/Or52iM6v0USiVLWHQXP09keJI60kU2M4Im6Fe9mbif14nMeG1nzIRJ4YKslgUJhwZiWavoz5TlBg+sQQTxeytiAyxwsTYgAo2BG/55VXSvCx71XLlvlKqVbM48nACp3ABHlxBDe6gDg0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MHUPeORw==</latexit>

x = x0y = x0

<latexit sha1_base64="FsLbOXmbHLjWqbBEA0WHGx5JVmE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiF6EgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7ut59QaR7LBzNJ0I/oUPKQM2qs1LjtF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH4wfjL4=</latexit>=
<latexit sha1_base64="YbGgEM5cdMRngQTxYr6J8cGNqzU=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BD2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+T1lXVq1dr97VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/l6RGg==</latexit>

#

<latexit sha1_base64="YbGgEM5cdMRngQTxYr6J8cGNqzU=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BD2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+T1lXVq1dr97VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/l6RGg==</latexit>

# (can be made unambiguous)

<latexit sha1_base64="T/h5uPfDWD5C2ZIXY+7zFLr3TLA=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJY07oruHFZwT6gDWUynbRjJzNxZiKE0n9w40IRt/6PO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJVIJSYtLJiQ3RApwignLU01I91EEhSHjHTCyWXud+6JVFTwG50lJIjRiNOIYqSN1M5gn5O7Qbni2Bd13zv3oGM7Ts0783Pi1areGXSNkqMClmgOyu/9ocBpTLjGDCnVc51EB1MkNcWMzEr9VJEE4QkakZ6hHMVEBdP5tTN4YpQhjIQ0xTWcq98npihWKotD0xkjPVa/vVz8y+ulOqoHU8qTVBOOF4uilEEtYP46HFJJsGaZIQhLam6FeIwkwtoEVDIhfH0K/ydtz3Z9u3pdrTT8ZRxFcASOwSlwQQ00wBVoghbA4BY8gCfwbAnr0XqxXhetBWs5cwh+wHr7BK7ujzA=</latexit>

y 6=

<latexit sha1_base64="NhG5rpdegItGFdkruikAz0YSwZs=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZK0pnVXcOOygn1AG8pkOmmHzkzizEQoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9yv3tPpKKxuNWzhAQcjQWNKEY6lwaC3A3LFce+bPjehQcd23HqXtXPiVeveVXoGiVHBazQGpbfB6MYp5wIjRlSqu86iQ4yJDXFjMxLg1SRBOEpGpO+oQJxooJscescnhllBKNYmhIaLtTvExniSs14aDo50hP128vFv7x+qqNGkFGRpJoIvFwUpQzqGOaPwxGVBGs2MwRhSc2tEE+QRFibeEomhK9P4f+k49mub9duapWmv4qjCE7AKTgHLqiDJrgGLdAGGEzAA3gCzxa3Hq0X63XZWrBWM8fgB6y3T3pIjoM=</latexit>

6=



7

Nondeterminism in register automata

‘’last data does not appear earlier’’
<latexit sha1_base64="FgDaq+i2zT6fwRIy92ZrCdrYdn8=">AAAB8HicbVBNSwMxEM36WetX1aOXYBE9lV0p6rHoxWMF+yHtUrLpbBuaZNckKy5Lf4UXD4p49ed489+YtnvQ1gcDj/dmmJkXxJxp47rfztLyyuraemGjuLm1vbNb2ttv6ihRFBo04pFqB0QDZxIahhkO7VgBEQGHVjC6nvitR1CaRfLOpDH4ggwkCxklxkr3Ke5KeMBPJ71S2a24U+BF4uWkjHLUe6Wvbj+iiQBpKCdadzw3Nn5GlGGUw7jYTTTEhI7IADqWSiJA+9n04DE+tkofh5GyJQ2eqr8nMiK0TkVgOwUxQz3vTcT/vE5iwks/YzJODEg6WxQmHJsIT77HfaaAGp5aQqhi9lZMh0QRamxGRRuCN//yImmeVbzzSvW2Wq5d5XEU0CE6QqfIQxeohm5QHTUQRQI9o1f05ijnxXl3PmatS04+c4D+wPn8Aedfj9U=</latexit>

y 6= x0

<latexit sha1_base64="uKwALZLuR2oCols4G4NvCjo6w4o=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovoqiRSfCyEghuXFewD2lAm00k7dDJJZyalIfQ73LhQxK0f486/cdpmoa0HLhzOuZd77/EizpS27W8rt7a+sbmV3y7s7O7tHxQPjxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9Ib3M785plKxUDzpJKJugPuC+YxgbSQ3QR1BR2iC7tDkvFss2WV7DrRKnIyUIEOtW/zq9EISB1RowrFSbceOtJtiqRnhdFroxIpGmAxxn7YNFTigyk3nR0/RmVF6yA+lKaHRXP09keJAqSTwTGeA9UAtezPxP68da//GTZmIYk0FWSzyY450iGYJoB6TlGieGIKJZOZWRAZYYqJNTgUTgrP88ippXJadq3LlsVKq3mZx5OEETuECHLiGKjxADepAYATP8Apv1th6sd6tj0VrzspmjuEPrM8f+SuQ6Q==</latexit>

y 6= x = x0

<latexit sha1_base64="23b/lZFXrfoOcc9tputmekEEj10=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBdMW2lA22027dHcTdjdiCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7czv/NIlWaxfDBZQgOBR5JFjGBjJf8J3aBsUK25dXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui7jXql/eXtWajiKMMJ3AK5+DBFTThDlrgAwEGz/AKb450Xpx352PRWnKKmWP4A+fzB/D3jhc=</latexit>x = y

• guessing:

(unambiguous - unique accepting runs)
• no guessing:

‘’last data appears earlier’’y = x0 <latexit sha1_base64="23b/lZFXrfoOcc9tputmekEEj10=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBdMW2lA22027dHcTdjdiCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7czv/NIlWaxfDBZQgOBR5JFjGBjJf8J3aBsUK25dXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnhEe5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui7jXql/eXtWajiKMMJ3AK5+DBFTThDlrgAwEGz/AKb450Xpx352PRWnKKmWP4A+fzB/D3jhc=</latexit>x = y

<latexit sha1_base64="2JROZG51P9fnqasPJHuSSX3VXlg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbRU9mVUr0IBS8eK9gPaJeSTbNtbDZZkqy0LP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRrczv/VElWZSPJhJTP0IDwQLGcHGSs0xukHj816x5JbdOdAq8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6bTQTTSNMRnhAe1YKnBEtZ/Or52iM6v0USiVLWHQXP09keJI60kU2M4Im6Fe9mbif14nMeG1nzIRJ4YKslgUJhwZiWavoz5TlBg+sQQTxeytiAyxwsTYgAo2BG/55VXSvCx71XLlvlKqVbM48nACp3ABHlxBDe6gDg0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MHUPeORw==</latexit>

x = x0y = x0

<latexit sha1_base64="FsLbOXmbHLjWqbBEA0WHGx5JVmE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiF6EgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7ut59QaR7LBzNJ0I/oUPKQM2qs1LjtF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ62rslctVxqVUq2axZGHMziHS/DgGmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH4wfjL4=</latexit>=
<latexit sha1_base64="YbGgEM5cdMRngQTxYr6J8cGNqzU=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BD2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+T1lXVq1dr97VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/l6RGg==</latexit>

#

<latexit sha1_base64="YbGgEM5cdMRngQTxYr6J8cGNqzU=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1BD2SePGIiQtE2JBu6UJDt920XQnZ8C+8eNAYr/4bb/4bC+xBwUmaTGbepO9NmHCmjet+O4WNza3tneJuaW//4PCofHzS0jJVhPpEcqk6IdaUM0F9wwynnURRHIectsPx7dxvP1GlmRQPZprQIMZDwSJGsLHSY28gJwIrJSf9csWtugugdeLlpAI5mv3ylw2TNKbCEI617npuYoIMK8MIp7NSL9U0wWSMh7RrqcAx1UG22HiGLqwyQJFU9gmDFurvRIZjradxaCdjbEZ61ZuL/3nd1EQ3QcZEkhoqyPKjKOXISDQ/Hw2YosTwqSWYKGZ3RWSEFSbGllSyJXirJ6+T1lXVq1dr97VKo57XUYQzOIdL8OAaGnAHTfCBgIBneIU3RzsvzrvzsRwtOHnmFP7A+fwB/l6RGg==</latexit>

# (can be made unambiguous)

<latexit sha1_base64="T/h5uPfDWD5C2ZIXY+7zFLr3TLA=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJY07oruHFZwT6gDWUynbRjJzNxZiKE0n9w40IRt/6PO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJVIJSYtLJiQ3RApwignLU01I91EEhSHjHTCyWXud+6JVFTwG50lJIjRiNOIYqSN1M5gn5O7Qbni2Bd13zv3oGM7Ts0783Pi1areGXSNkqMClmgOyu/9ocBpTLjGDCnVc51EB1MkNcWMzEr9VJEE4QkakZ6hHMVEBdP5tTN4YpQhjIQ0xTWcq98npihWKotD0xkjPVa/vVz8y+ulOqoHU8qTVBOOF4uilEEtYP46HFJJsGaZIQhLam6FeIwkwtoEVDIhfH0K/ydtz3Z9u3pdrTT8ZRxFcASOwSlwQQ00wBVoghbA4BY8gCfwbAnr0XqxXhetBWs5cwh+wHr7BK7ujzA=</latexit>

y 6=

<latexit sha1_base64="NhG5rpdegItGFdkruikAz0YSwZs=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZK0pnVXcOOygn1AG8pkOmmHzkzizEQoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9yv3tPpKKxuNWzhAQcjQWNKEY6lwaC3A3LFce+bPjehQcd23HqXtXPiVeveVXoGiVHBazQGpbfB6MYp5wIjRlSqu86iQ4yJDXFjMxLg1SRBOEpGpO+oQJxooJscescnhllBKNYmhIaLtTvExniSs14aDo50hP128vFv7x+qqNGkFGRpJoIvFwUpQzqGOaPwxGVBGs2MwRhSc2tEE+QRFibeEomhK9P4f+k49mub9duapWmv4qjCE7AKTgHLqiDJrgGLdAGGEzAA3gCzxa3Hq0X63XZWrBWM8fgB6y3T3pIjoM=</latexit>

6=

DRA ⊆ URA ⊆ NRA ⊆ ARA

NRA without guessing

⊆ ARA without guessing⊆
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Orbit-finite sets

X and Y are in the same orbit if X = 𝜋(Y) 
for some data permutation 𝜋

• n-tuples of data values An                    Bell number Bn

• register valuations (A ∪ {⊥})n

• states C × (A ∪ {⊥})n 

• non-repeating n-tuples A(n)                1

• n-sets of data values Pn(A)                1

• finite words A*                           ∞

Examples:
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Orbit-finite automata

• alphabet = A


• Q - an orbit-finite invariant set of states

• I, F ⊆ Q - invariant subsets od initial and accepting states

• 𝛿  ⊆ Q × A × Q  invariant set of transitions

• Nondeterministic orbit-finite automata NOFA

X and Y are in the same orbit if X = 𝜋(Y) 
for some data permutation 𝜋
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Orbit-finite automata

• alphabet = A


• Q - an orbit-finite invariant set of states

• I, F ⊆ Q - invariant subsets od initial and accepting states

• 𝛿  ⊆ Q × A × Q  invariant set of transitions

• Nondeterministic orbit-finite automata NOFA

• Arbitrary orbit-finite alphabets

• Richer structure of data values than (A, =)        e.g. (Q, <)
                                                                                   any homogeneous/oligomorphic one

Theorem (Bojańczyk, Klin, L. 2014):
NOFA = NRA
DOFA = DRA

X and Y are in the same orbit if X = 𝜋(Y) 
for some data permutation 𝜋
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Non-robustness of register automata

rational expressions?

} with guessing or not
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Rational (regular) expressions

• unification based rational expressions              Kaminski, Tan 2006      only =

• rational expressions with binders           Kurz, Suzuki, Tuosto 2012      

• rational expressions with memory             Libkin, Tan, Vrgoc 2015      𝜑

• rational expressions with side-effects                      Bojańczyk 201? 

• rational bar-expressions Schroeder, Kozen, Milius, Wissmann 2017

• rational expressions with (de)allocation             Brunet, Silva 2019

• orbit-finite rational expressions                                                              too weak
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• orbit-finite rational expressions                                                              too weak

Question:  Is there a notion of rational expressions in the monoid A* of data words?

Question (Klin):  Is there an orbit-finite set of constructions that generates
all NRA languages?
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• unification based rational expressions              Kaminski, Tan 2006      only =

• rational expressions with binders           Kurz, Suzuki, Tuosto 2012      

• rational expressions with memory             Libkin, Tan, Vrgoc 2015      𝜑

• rational expressions with side-effects                      Bojańczyk 201? 

• rational bar-expressions Schroeder, Kozen, Milius, Wissmann 2017

• rational expressions with (de)allocation             Brunet, Silva 2019

• orbit-finite rational expressions                                                              too weak

Question:  Is there a notion of rational expressions in the monoid A* of data words?

Question (Klin):  Is there an orbit-finite set of constructions that generates
all NRA languages?

Question (Klin):  What should the question be?



1-NRA2-DRA

2-NRA

1-ARA

12

Decidability

1-DRA



1-NRA2-DRA

2-NRA

1-ARA

12

Decidability

1-DRA

emptiness



1-NRA2-DRA

2-NRA

1-ARA

12

Decidability

1-DRA
universality = co-emptiness



13

II. Some recent advances

1) Deterministic separability

2) Deterministic collapse

3) Commutative images

4) Single-use registers
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… ab … ab … ba … ab
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Example:  no deterministic separator

A*

Conjecture (Colcombet 2012):  there is always an unambiguous separator
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A*

Theorem (Klin, L., Toruńczyk 2021):   NRA co-NRA  =  DRA

last data does not 
appear earlier

last data 
appears earlier

Fails with guessing!

Fails with ordered data!
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2) Deterministic collapse

Key tool:  splitting lemma (+ orbit-finite Myhill-Nerode)
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2) Deterministic collapse

an invariant set

Key tool:  splitting lemma (+ orbit-finite Myhill-Nerode)

orbit-finite family X 
of its subsets

Splitting Lemma:  each orbit-finite family X admits only orbit-finitely splits

finite union of 
subsets from X

finite union of 
subsets from X

split
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3) Commutative images

Orbit-finite rational (regular) expressions:
<latexit sha1_base64="mVoiWk5NtdItt3eGnzJz9jBJK1o="></latexit>⇣ [

a,b2A, a 6=b

ab
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" [
[

a2A
a
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A⇤ ! NACommutative image:

Commutative image of “each two neighbouring letters are different” is rational,
being commutatively equivalent to

<latexit sha1_base64="Af1xNQ0ijHIUKtfeZ/gs1wi96MA="></latexit>

a1 6= a2 6= a3 6= a4 6= a5 6= a6 6= . . .

Interpret rational expressions 
commutatively

<latexit sha1_base64="LRyjnQnWsX0qPfe9aH6zaunsjBI="></latexit> [

a2A
a
⇣ [

b2A\{a}

b
⌘⇤

a

?

data vectors
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3) Commutative images

Orbit-finite rational (regular) expressions:
<latexit sha1_base64="mVoiWk5NtdItt3eGnzJz9jBJK1o="></latexit>⇣ [

a,b2A, a 6=b

ab
⌘⇤ �

" [
[

a2A
a
�

Kleene fails:  “each two neighbouring letters are different” is not rational.
Parikh helps!

<latexit sha1_base64="u8seOzFTd4T82gFYweyPrp3qwqE=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQFyWRoi4rblxJBfuAJi2T6aQdOpmEmYlQQr7Bjb/ixoUibl2582+ctEFq64GBwzn3MvccL2JUKsv6NgpLyyura8X10sbm1vaOubvXlGEsMGngkIWi7SFJGOWkoahipB0JggKPkZY3us781gMRkob8Xo0j4gZowKlPMVJa6pkniRMgNfQ8eJV2T6GjQvir3KbdGbdnlq2KNQFcJHZOyiBHvWd+Of0QxwHhCjMkZce2IuUmSCiKGUlLTixJhPAIDUhHU44CIt1kEimFR1rpQz8U+nEFJ+rsRoICKceBpyezC+W8l4n/eZ1Y+ZduQnkUK8Lx9CM/ZlAHz/qBfSoIVmysCcKC6lshHiKBsNItlnQJ9nzkRdI8q9jnlepdtVyr5XUUwQE4BMfABhegBm5AHTQABo/gGbyCN+PJeDHejY/paMHId/bBHxifPyYJnSc=</latexit>

A⇤ ! NACommutative image:

Commutative image of “each two neighbouring letters are different” is rational,
being commutatively equivalent to

<latexit sha1_base64="Af1xNQ0ijHIUKtfeZ/gs1wi96MA="></latexit>

a1 6= a2 6= a3 6= a4 6= a5 6= a6 6= . . .

and even semi-linear

Interpret rational expressions 
commutatively

<latexit sha1_base64="LRyjnQnWsX0qPfe9aH6zaunsjBI="></latexit> [

a2A
a
⇣ [

b2A\{a}

b
⌘⇤

a

?

data vectors



20

3) Commutative images

Theorem (Hofman, Juzepczuk, L., Pattathurajan 2021):  
Commutative image of 1-NRA are rational, but not necessarily semi-linear.
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3) Commutative images

Theorem (Hofman, Juzepczuk, L., Pattathurajan 2021):  
Commutative image of 1-NRA are rational, but not necessarily semi-linear.

Likewise for 1-CFG.

Conjecture:  Commutative images of all of NRA are rational.

Key tool:  sufficient condition for Hamiltonian cycle
in a strongly connected directed graphs
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4) Single-use registers

Idea:  Register disappears (becomes ⊥) after usage.   Consider DRA.

Bojańczyk, Stefański 2020
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4) Single-use registers

Idea:  Register disappears (becomes ⊥) after usage.   Consider DRA.

Example:  ‘’at most 3 different data values’’

a 

a 

a b 

b 

c 

• if input data equals a      ⎯⎯→  

a 

a 

a b 

b 

c 

• if input data equals b      ⎯⎯→  

b 

b 

b a 

a 

c 

• if input data equals c      ⎯⎯→  

c 

c 

c a 

a 

b 

• otherwise reject

Bojańczyk, Stefański 2020
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4) Single-use registers
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4) Single-use registers

Starting point:
orbit-finite monoids      ⊂          1-DRA         ⊂        2-DRA

Theorem (Bojańczyk, Stefański 2020):
orbit-finite monoids   =   single-use 1-DRA   =   single-use 2-DRA

Key tool:  generalise the standard transformation of 2-way to 1-way automata,
 to register automata
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II. Some recent advances

1) Deterministic separability

2) Deterministic collapse

3) Commutative images

4) Single-use registers

thank you!

I. Introduction to register automata
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a structure A is oligomorphic
if

A(n) split into finitely many orbits for every n.

Example: for atoms (Q, ≤, +1), atoms(2) has infinitely many orbits

25

Oligomorphic atoms

(7,6⅓)    (7,7⅓)    (7,8)    (7,8⅓)  ...

Example: for atoms (Q, ≤), atoms(n) has n! orbits

Theorem: orbit-finite sets are stable under Cartesian products and subsets

Theorem: 
invariant subsets of An  =  FO definable subsets of An
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total order atoms (Q, <)

integer atoms (Z, <)

(Q, <, +1)

equality atoms (N, =)

random graph

...

27

Homogeneous atoms (relational case)

Examples:

random graph = countable infinite graph yielded 
almost surely if every pair of nodes is connected 
by an edge with independent probability ⅓
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Homogeneous atoms (relational case)

extension property



and so on ...

Homogeneous atoms (relational case)

extension property
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Quantifier elimination
Observation:  When atoms are homogeneous

the induce generate 
isomorphic substructures

two tuples in atoms(n)  
are in the same orbit iff
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Quantifier elimination
Observation:  When atoms are homogeneous

the induce generate 
isomorphic substructures

two tuples in atoms(n)  
are in the same orbit iff

Corollary: 
invariant subsets of An  =  quantifier-free definable subsets of An


