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1. Vector addition systems with states (VASS) and the reachability problem
2. Lower bounds in small fixed dimensions

3. Lower bounds 1in large fixed dimensions



Many faces of vector addition systems with states

e vector addition systems with states VASS

[H f¢, Pansiot '79] — * counter programs without O-tests:
opcroft, Pansiot '79]:
(O 0,0)
(_]—7170) O 0, _1 Q 1 —1, O
\/

e Petr1 nets [Petr1 1962]:

* VAS [Karp, Miller '69]

e multiset rewriting




Counter programs without zero tests

counters are nonnegative integer variables initially all equal zero

a sequence of commands of the form:

X +=n (increment counter x by n)
X —= n (decrement counter x by n) abort if x < n
goto L or L' (jump to either line L or line L')

except for the very last command which is of the form:

halt if XTIt X— 0 (terminate provided all Otherwise abort
the listed counters are zero)

EXample / \

1: X += 100 o ,

2: goto 5 or @ 1n1tlaﬂy: X =X=Yy = 0
3: X += X —=1 y+4+=2 ts

4. gOtO @ 20 ZGYO eSS

5. halt if X’ = 0.

\ finally: x'=0 x =100
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LLoop programs

:|goto 2
. halt if X' = 0.
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X
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|
|
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. x' += 100

. |loop

1
2
3: X+=1 X —=1 y+=2
4: halt if X' = 0.



Minsky machines

the conditional jump of Minsky machines

if x = 0 then goto L else x —= 1

1s simulated by counter program with zero tests:

: goto 2 or 4
zero? X
. goto L
x —= 1

= 2N =



Reachability (and coverability)

Reachability problem: given a counter program without zero tests
x' += 100

goto 5 or 3
x+=1 x —=1

goto 2
halt if x' = 0.

can it terminate (execute its halt command)?

Coverability problem: given a counter program without zero tests

with trivial halt command

can 1t terminate (reach its halt command)?



Complexity of reachability (and coverability)

o

Time/space needed is at least Fg(n) — 2

coverability reachabili

O(n)

Tower [Czerwinsl§i ux, Mazowiecki '19]

lower | EXPSPACE

b d i on , [ ) [) A
oun [Lipton '76] Lipe- o eLeY
e
e on
i iked ralke , Schmitz '15, '19]
upper | EXPSPACE | bl

benadl [Rackoff '78] [Sacerdote, Tenney 77] [Mayr '81]
[Kosaraju '82] [Lambert '92]

[Leroux '09]

Time/space needed 1s at most Fw(ﬂ)




2. Lower bounds for reachability in small fixed dimensions

dimension = number of counters:

(0,0,0)

(—1,1,0) (1,-1,0)

@Q




Reachability in dimension 1 and 2

encoding of
f' Integers ﬁ
v v

unary binary

NL* NP*
[Valiant, Peterson '75] [Haase, \I;r:;tezleln;,() g)]uaknlne,

dimension 1

NLsk P SPACE*
[Blondin, Finkel, Goelle
Haase, McKenzie '1

*complete / /

dimension 2
[Englert, Lazic, Totzl '16]

shortest run has shortest run has
polynomial length exponential lengt}:\
\ effectively

flattable in

Upper bounds similar to dimension 2 for every fixed dimension? dimension 2

...at least for flat counter programs?
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Flat = no nested loops

2 —1 2 —1
<T‘:> ()O </\> 1() </\> 0 O </\>
> (1 > Po > {0
(000
(—1,1,0) 0 0,—1) Q (1,-1,0)
\/
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loop



Shortest runs 1n small dimensions

[Czerwinski, L., Lazic, Leroux, Mazowiecki "20]

unary binary
dim 1 poly™ exp™
dim 2 poly™ exp™
dim 4 2-exp™
dim 5
*upper bound

*lower bound

Key ingredient: computing exactly large numbers
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Exponential shortest run 1n unary flat dim 3

:x+=1 y+4+=1
2: loop
3: x +=1

y += 1

11: halt if y = 0.

loop
x—=1 z+4=1
objective: r loop
halts iff x/divisible by L_X4=9° z-=4
loop
X —= z+=1
loop
n+1 n 3
X <= e
n n—1 2
X — Z += 1
loop
x=(n+1)-y X += z —= 2
- alDxultiplicatior|loop
: : : — =1
iff all innerNQops 1t X )
loop
it (n+1) -y divis{] x+= z—=1

program size 0(n?), shortest run 20
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Complexity lower bounds for reachability

[Czerwinski, L., Lazic, Leroux, Mazowiecki '19, "20] Vefabﬁ.ﬁ’y?
[ Dubiak "20] What 1bo { CcO
unary flat unary binary
dim 1 NL* NL* NP~

dim 2

NL* NLL

dim 3

dim 4

dim 5 ;.—445 NP*
2 NP* N
dim13 | & NP* N pspACENL
dim14| < NP* NIJ| ExPSPACINL |p-ExpspA®SPACE
dim15| 2 Np* NI | 2.expspANL | b.rxpspa ®SPACE
N NL|] . PSPACE

*complete

*hard
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3. Lower bounds for reachability in large fixed dimensions
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Parametric lower bound for reachability
[Czerwinski, L., Lazic, Leroux, Mazowiecki "19]

[ Czerwinski, L., Orlikowski "?7?] unary flat unary binary
dim 13 PSPACE*
dim 14 EXPSPACE*
dim 15 2-EXPSPACE*

Minsky machine 47 of size n
with counters bounded by

. 1

2 O(n+h) Counter program of size O(n+h)
2 h+1 I ' with O(h) = h+13 counters

Counter program of size O(n+log h)
with O(log h) counters
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Parametric lower bound for reachability
[Czerwinski, L., Lazic, Leroux, Mazowiecki "19]

[Czerwinski, L., Orlikowski "?7?] unary flat unary binary
dim 13 PSPACE*
dim 14 EXPSPACE*
dim 15 2-EXPSPACE*
oo 1N
2
Reachability problem for 2 O(d) d-13

programs of size n with d : 2
counters needs space at least

2 90(d) 0(d-13)/3

improved lower bound: 2
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Exponential amplifier

:i+=1 x4=1 y4+=1 b4+=1 c+=1 d+4+=1 loop
2: loop lOOE —=1 b+=1
3} X+=1 y+4+4=1 c+=1 d+=1 b —=1 b+4=1
4: loop =
. ). * )
o loop X — X . ng with x>0 and X’ = O,
6: C — | C/ +: ]_
76 loop at most b times ! : H 1 h
patn Lo _ccl)mputes X exponenfially larger than X
8: X —= I —= 1 X 4= 1+ loop
9. loop X =0attheend) '+~
10: b —= 1 = I —+ ]_ loop
P—=1 i+=1
11: lo op zero? i’
12: b =1 b+
13: loop
1af so, alsg alkdther ¢eunters are fo ly 0 at the end
il55e loop at most b times
16: X, —=1 X += 1 d = 1 loop
A
18: zero? i loop e
19: loop NP
20: x—=1 y—=1

21: halt if y =10
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Composing exponential amplifiers

unary flat unary binary
dim 13 PSPACE*
dim 14 —
x0 %
x0 — x1
<1 relay-race
x1 — x2
X2
X2 — X3

x3

simulate @/ using x3

halt if x0, x1, x2,x3 =0
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objective: decrease the number of

counters to logarithmic

Bit= 1 xd=1 yi=1 bi=1
2 wd=1 yi=1 cim1 di=1
g Kimis1
0 asm1
.k
2 I
a 1y el edm1 dim1 x
>k
y cm1 =1
ok
0 1
w 1 oxa=1 d4=1
1k
20 balt iy =0
e O e R e e R P
> loop
x xt=1 yi=1 cim1 di=1
Toop
. c—=i =1
© loop at most b times
1 doop
W C-=1 ciml
i Toop at most b times
I X—=1 xt=1 di=1
m o ie=1
»
B 1
i
Wi b=1 =1 =1
>k
. 1 de=1
ok
g Kimis1
I ci=1
i most b times
0 ST x=1 -1
.k
2
=Ky el edm1 dim1
y cm1 =1
oop
loop
1
1 dam1
P
b !
b1 =1 =1 -%
P
1dee1
P’
a
P
1
b
b a=1
P
1 de=1
P
1
1
b
1 asm1

X/
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x1

x3

X5

X/

: : : : : :

halt if xO, Xl,x x3, x4, x5, x5,x7 =0
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* loop
2 wd=1 yi=1 cim1 di=1

p——  p——  p——  p——




Supervisors

x0
x0 + x1 = y0
x1

X2
yl = x2 + X3

x3

x4

x4

X5

X6
y3 = x6 + X7

P<
Ul
|
<
N

X/

halt ifix0, x1, x2, x3, x4, x5, x5, x7,

yo, yl,vy2,y3,... =0
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Supervisors

x0
x0 + x1 = y0

X2
= x2 + x0

X1 + x2 = y2

3 =x0 + x1

V4

halt i XO x1, x2,
yO, vl,y2,vy3,...=0
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Supersupervisors

c-mi Cml
Toop at most b times
X—=i d-=i X4=itl
Toop
3=

asm1

p—— p—— p—— p——

c-mi Cml
Toop at most b times

X—=i d-=i X4=itl
Toop

and SO On...
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Summary

unary flat | unary | binary
unary flat unary binary dim 1 polv* |polv*| exp*
dim 1 NL* NIL* NP* bien 2 polv* |polv*| exp*
dim2 | NL* NL* PSPACE* dim 3| exp* |exp*
dim 3 dim 4 2-exp*
dim 4 dim 5
dim 5
*upper bound
dim13| NP* | PSPACE* | EXPSPACE* | lowerbound
dim 14) NP* | EXPSPACE* |2-EXPSPACE* "
dim15| NP* |2.EXPSPACE*|3-EXPSPACH | yecf‘“ Aea
*complete
*hard

Reachability problem for d-
dimensional VASS of size n

requires space at least
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